The effect of a variable magnetic field on behavior in the rotation region of a vacuum arc centrifuge is analyzed using a first order perturbation of the fluid equations describing the plasma. It is found that the plasma contracts and rotates more rapidly as it moves into an increasing magnetic field. Under conditions typical of current devices, the separative performance is predicted to improve significantly.
I. INTRODUCTION
The vacuum arc centrifuge ͑VAC͒ was first proposed by Krishnan et al. [1] [2] [3] in the early 1980s, as a means to separate metal isotopes without being limited by the Alfvén Critical Velocity of the plasma. Figure 1 shows the geometry of a typical VAC. The source of the plasma is metal ablated from the cathode, which is initially vaporized by a CO 2 laser, then ionized by the resultant electrical breakdown from the cathode to anode mesh.
Vacuum arc centrifuges 4 are pulsed devices with drive currents of about 1 kA lasting for several milliseconds. The current flowing in the driving region ͑Fig. 1͒ from the anode mesh to the cathode has both a radial and axial component. The interaction of the radial component of current with the externally supplied axial magnetic field sets the plasma into rotation at frequencies typically between 3ϫ10 4 and 4 ϫ10 5 rad/s. [5] [6] [7] Except for some recent experiments where an initial gas filling was utilized, 8 the chamber is evacuated before the discharge and the plasma in the VAC consists of multiply charged metal ions and electrons, with almost no neutral particles. 3 The rotating plasma streams through the anode grid and is deposited on the far end plate. Centrifuging leads to isotopic separation, which can be measured by sampling with a mass spectrometer during the discharge, or afterwards in the metal film deposited on the end plate. 9 To describe the VAC, Krishnan et al. 1 initially proposed a steady state fluid flow model in which the plasma was assumed to be multiply ionized, isothermal and to exhibit rigid rotor characteristics. In another theoretical description of the conventional VAC, Kim et al. 10 suggested that a second steady-state solution is possible in which the plasma has a much higher rotational velocity. In 1989, Del Bosco et al. 11 proposed a global energy balance argument to describe the speed of rotation in a VAC. This was followed with experiments using background gas 8 in the Brazilian National Space Research Institute VAC facility, 12 suggesting that the separative performance of the device increased with the presence of a filling gas. In 1995, Simpson et al. 5 showed experimentally and theoretically that the electrical conductivity of the anode grid creates a radial potential gradient that is responsible for azimuthal acceleration in the vacuum arc centrifuge. In 1996, Yue and Simpson 13 studied the effect of collisions on near-steady rotation in a vacuum arc centrifuge, showing that the effect of collisions on the plasma column after the anode grid is to increase the angular velocity, and possibly the separative performance of the plasma.
Experiments conducted with a range of metallic elements have shown that as the magnetic field in a VAC is increased, the angular velocity increases at first but then levels off. 11 An explanation in terms of an energy balance in the VAC driving region has been proposed by Del Bosco et al. 11 An alternative method for increasing the angular velocity in these devices is to introduce a nonuniform magnetic field in the rotation region after the grid ͑Fig. 1͒, and if the magnetic field lines in the VAC converge or diverge it may be possible to improve the separative performance. This work is a theoretical investigation of that possibility. We consider a small perturbation in the axial component of the magnetic field along the length of the plasma, and investigate the effect on plasma characteristics and separative performance of the centrifuge.
The paper is organized as follows: Section II introduces the plasma fluid model of the system and solves the zero order ͑or unperturbed͒ solution. Section III introduces the perturbation to the plasma parameters and discusses the boundary conditions. Section IV solves the perturbed system parameters to first order, whilst Sec. V discusses the physical predictions of the perturbed plasma parameters, including separative performance. Section VI concludes the paper, summarizing analytical results and their implications.
II. PLASMA FLUID MODEL
As done in the past [1] [2] [3] [4] [5] we assume that the plasma in the VAC rotation region is quasineutral and isothermal. Measurements 14 made with a Fabry-Perot interferometer show that the ion temperature does not vary over the duration of the discharge, and is observed to be uniform with radius. A comparison of experimental data from VACs indicates that the ion and electron temperatures are similar within the plasma column. 8, 14 Thus an isothermal plasma is a reasonable approximation.
Terms of relative order m e /m i are neglected, where m e is the electron mass and m i is the ion mass. The multiply charged ions in the plasma are treated as a single species with average charge Z. Further, the fluid model describing the plasma for a steady-state magnetic field is assumed to be time-invariant and have azimuthal symmetry.
The Hall parameter, ␤ϭ/v ie , is of order 100 in a typical vacuum arc centrifuge, and for this reason electron-ion collisions have been neglected in earlier works. 10 Recently Yue and Simpson 13 have shown that electron-ion collisions do have a small cumulative effect over the length of the rotation region in a VAC. For typical conditions, they predicted theoretically that the resultant plasma column expansion would lead to a reduction in the central ion density of less than 10% over the length of the VAC. In this initial study of the lowest order effects of a varying magnetic field, electron-ion collisions have been neglected.
Continuity of charge, and matter transport conservation 15 in the plasma can be expressed, respectively, as
where J is the current density, is the ion density, and v is the average mass velocity. Neglecting viscous forces, the equation conservation of momentum 15 where E is the electric field and n e is the electron density. Making the ''low magnetic Reynolds number'' 15 approximation means that the magnetic field produced by the plasma itself is negligible in comparison to the magnetic field generated by the external field coils. With this approximation Maxwell's equations yield "-Bϭ0, ͑5a͒
Time invariance allows us to write EϭϪٌ, with the scalar potential. Finally, the constitutive equations describing the electron and ion pressure in the isothermal 15 plasma are p e ϭn e kT, ͑6a͒
where T is the plasma temperature and n i is the ion density. From charge neutrality n e ϭZn i . The solution to Eqs. ͑5a͒ and ͑5b͒ in the case of a steady state field (0,0,B z ) and with no radial motion of the plasma (v r ϭ0) has been derived by Krishnan et al. 1,2 and will only be outlined here.
Experimentally 1-4 the plasma is observed to rotate as a rigid body v ϭr, and the ion density is observed to have a Gaussian distribution,
where n ic is the on axis ion density and R is the characteristic radius of the plasma column.
Combining Eqs. ͑3͒, ͑4͒, ͑6a͒, and ͑6b͒ such that the J؋B terms cancel, and then expanding the resultant radial component, the potential profile becomes
where c is a reference potential at rϭ0, and A is given by
͑9͒
where i is the ion cyclotron frequency, i ϭeZB z /m i . Evaluating the radial component of Eq. ͑3͒ now gives the solution for J as
where
The presence of the end plate, which is assumed to be electrically insulated from the plasma means that J z is zero everywhere. Finally, experimental observation shows that v z is independent of radius. 3 Typical operating parameters ͑see Table I͒ , have been taken from the plasma centrifuge 6, 8, 11 at the Brazilian National Space Research Institute ͑Instituto de Pesquisas Espaciais͒.
III. MAGNETIC FIELD PERTURBATION
A small gradient in the axial magnetic field is introduced such that 
where ⑀ is the perturbation marker and the subscripts ''0'' and ''1'' denote the zero and first order component, respectively. Equations ͑5a͒ and ͑5b͒, together with azimuthal symmetry can be combined to yield B ϭ0 and Laplace's equation for B z ,
To first order, the only finite solution at rϭ0 is B z1 (r) ϭB z1 , independent of r. The solution to B r is then provided by the azimuthal component of Eq. ͑5b͒ which gives B r ϭϪ⑀(B z1 r/2).
It is convenient to introduce l i ϭln n i as an independent variable to replace n i . Thus, to first order the perturbed plasma parameters can be written as
where l i1 ϭn i1 /n ic0 and the zero-order solutions labelled with subscripts ''0'' are the unperturbed system solutions presented in Sec. II. To complete the description of the system perturbation, we need to define boundary conditions. It is convenient to specify the plasma conditions at the anode mesh ͑zϭ0) and investigate the effect of the gradually varying magnetic field as the plasma moves through the rotation region ͑see Fig. 1͒ . The azimuthal and axial velocity components, together with the radial profiles of density and potential, are defined by physical processes in the driving region 5 and are specified at zϭ0 by
IV. PERTURBED SYSTEM SOLUTION
Taking the dot product of B with Ohm's Law ͑4͒ and dividing through by n i and m i we find 16 Ϫ r
͑15͒
where i is the unperturbed ion cyclotron frequency. Integrating with respect to z and using the boundary conditions ͑14͒ at zϭ0 gives an expression for the perturbed potential,
Eliminating J؋B between the momentum equations ͑3͒ and Ohm's Law ͑4͒, we find,
Expanding the axial component of Eq. ͑17͒, and then integrating with respect to z gives an expression for the perturbation in axial velocity,
where boundary conditions ͑14͒ have been used. The expansion of the azimuthal component of Eq. ͑17͒ to first order yields an expression for the perturbation in the radial velocity, 
ϭ0, ͑21͒
where we have used boundary conditions ͑14͒, and relation ͑20͒ to eliminate ‫ץ‬l i1 /‫ץ‬r, and
It is assumed that the scale length for change of plasma parameters in the z direction, B z0 /B z1 is much greater than the characteristic plasma column radius R 0 , so that
Using typical plasma parameters ͑from Table I͒ , we find that a 4 /a 3 Ϸ0.85, which is of order unity. Thus the last term in Eq. ͑21͒ can be ignored. To simplify working, the following variable assignments are made: Equation ͑21͒ becomes
where 1 (r) can be expressed as the sum of the particular solution 1p (r) and the homogeneous solution 1h (r). By inspection,
which for typical plasma parameters ͑see 
where f i and g i are constants determined from the coefficients in Eq. ͑22͒, and 0 and 1 are independent of r. However, neither hypergeometric function is finitely bounded; ⌿( f 0 ,g 0 ,r 2 /R 0 2 )→ϱ in the limit r→0, and ⌽( f 1 ,g 1 ,r 2 /R 0 2 )→ϱ in the limit r→ϱ. Thus, the homogenous solution does not satisfy the criterion of bounded angular rotation frequency, and the complete solution is just the particular solution ͑23͒.
Expressions for the other perturbed variables are readily found. Using Eq. ͑19͒,
where t ϭ2 0 ϩ i . Substituting Eq. ͑25͒ into plasma continuity ͑2͒ and integrating with respect to z together with boundary conditions ͑14͒ gives a solution for n i1 ,
where constants b 0 , b 2 , and d are defined by
The number density n i can be rewritten to first order as a Gaussian profile, scaled by an on-axis ion density linear in z, and a characteristic radius which is a function of z. That is,
͑27͒
where the characteristic radius R of the plasma column, is defined to first order as
For completeness, the solutions for J r1 , J 1 , and 1 are presented in the Appendix as Eqs. ͑A1͒, ͑A2͒, and ͑A3͒.
Expression ͑23͒ shows that the plasma still exhibits bulk rigid rotation in the perturbed system. The perturbation in the angular frequency is proportional to B z1 z, which is the perturbation in the axial magnetic field. For typical plasma parameters ͑see Table I͒ , Ϸ1, so the fractional change in is similar to the fractional change in B z . The radial perturbed velocity v r1 ͑25͒ is proportional to the gradient of the magnetic field perturbation B z1 and the ion axial velocity v z0 . Equation ͑25͒ shows that for an increasing axial magnetic field perturbation, the plasma material moves towards the axis at a rate proportional to radius. For typical plasma parameters ͑Table I͒, b 0 /dϷ2.0 and R 0 2 ϫb 2 /dϷϪ 0.7, imply-ing that the central ion density n i (rϭ0,z) ͑27͒ increases linearly with increasing B z , and that the plasma characteristic radius R ͑28͒ decreases linearly with increasing B z . The perturbation in the plasma axial velocity v z1 ͑29͒ is proportional to the axial magnetic field and exhibits a parabolic radial profile. For typical plasma parameters ͑Table I͒ R 0 2 ϫc 2 /dϷ0.2 and c 0 /dϷ1.0, meaning that the plasma is slowing down for an increasing perturbation.
V. PERTURBATION RESULTS
To investigate plasma behavior following the perturbation, we plot 17 the system parameters as a function of both the magnetic field perturbation ⌬B z ϭB z1 z/B z0 ϫ100%, and radius r. In order to plot the plasma characteristics of the magnesium plasma we ͑i͒ normalize the perturbation marker to ⑀ϭ1, ͑ii͒ introduce typical plasma operating performance figures ͑Table I͒, ͑iii͒ evaluate the plasma properties from the formulae given in Sec. IV.
Note that the plasma velocity components are equal to the ion velocity components in the present approximation of small electron mass. Plots of v r and v z , as functions of normalized radius r/R 0 , with the change in the magnetic field ⌬B z parametrized as the third variable, appear in Figs. 2 and 3. Figures 4 and 5 plot the ion density and electric potential in the same fashion. Figure 2 shows that the plasma expands in a decreasing field, and contracts in an increasing field, with the radial velocity v r proportional to radius r. Figure 3 indicates that the plasma axially accelerates into a decreasing field and decelerates into an increasing field, an effect related to a magnetic mirror. The axial velocity is no longer independent of radius, but has some variation, particularly for rϾR. Figure 4 shows the plasma column contracting in an increasing field. This is accompanied by an increase in the on-axis ion density and a decrease in the plasma characteristic radius, as expected. Figure 5 shows that the electric potential increases with an increasing field. For Fig. 5 the reference potential c is taken to be 0 V at the center of the unperturbed column. An increase in potential for increasing field is seen to be consistent with Ohm's Law ͑4͒. As the electron pressure gra- dient ٌp e and the v؋B term are the dominant terms in Ohm's Law ͑4͒, then, given an increase in the electron/ion density gradient and angular frequency , we expect an increase in the potential. Figure 6 is a bar graph showing the quantitative change in several variables for a 10% change in the magnetic field, that is, ⌬B z ϭ10%. Expression ͑23͒ showed that the plasma exhibits bulk rotation to first order, with an angular frequency that increases with increasing magnetic field. For a 10% increase in B z the angular frequency increases by 7.5% and the characteristic radius R decreases by 3.6%. Continuity ͑2͒ requires that as the plasma column collapses, transport mass must be conserved. The density n i must increase substantially since both the axial velocity and column radius decrease. Azimuthal current density J increases to maintain plasma confinement in the presence of an increased centrifugal force and an increase in the radial pressure gradient ͓see Eq. ͑3͔͒. The increase in the magnetic field offsets the change in the J since the inward confining force depends on J B z . From Ohm's Law ͑4͒, we expect the increase in the coefficient A of the electric potential to be primarily a function of the increase in the pressure gradient and the angular frequency .
It was shown by Krishnan et al. 1 that the ratio of isotope flux densities for a two ion species plasma A and B ͑with Z A ϭZ B ͒ in a uniform magnetic field, known as the separative performance ␣, could be expressed as
where ⌬m i ϭm A Ϫm B , with m A Ͼm B . According to this model, ␣ increases with the square of the angular velocity and decreases with increasing ion temperature.
In the presence of the magnetic field perturbation, the plasma still exhibits rigid bulk rotation, the density profile remains Gaussian, and the axial velocity is close to uniform ͑see Figs. 6, 4, and 3, respectively͒. Provided the rate of change of B z with z is sufficiently gradual, the radial velocity ͑25͒ of the plasma will be negligible. The effect of increasing magnetic field on separation is determined by the change in angular velocity and characteristic radius of the plasma, and a separation measure is the separation ͑30͒ evaluated at the characteristic radius R. The characteristic enrichment factor ϭ␣͉ R Ϫ1 is the increase in heavy isotope concentration at the characteristic radius. Using Eqs. ͑28͒ and ͑30͒, together with ϭ 0 ϩ⑀ 1p , we find to first order 0
where (m i ) is evaluated at the weighted average ion mass for natural isotopic abundance's, 0 is the unperturbed enrichment, and ␣ 0 ϭexp(⌬m i 0 2 R 0 2 /2kT). Equation ͑31͒ predicts that for typical plasma parameters ͑Table I͒, an increase in the axial magnetic field of 10% will give rise to a characteristic enrichment factor increase of 6.7%. Figure 7 surface plots / 0 calculated from Eq. ͑31͒ as a function of the zero-order axial field B z0 and the zero-order axial velocity v z0 . For the calculation, the perturbation in the magnetic field, ⌬B z was set to 10%, and T, 0 , R 0 , Z, and ␣ 0 were set to their unperturbed values ͑from Table I͒ . At low values of magnetic field in Fig. 7 , the fractional improvement in enrichment is equal to the fractional change in magnetic field. The improvement in enrichment arises because the increase in angular velocity of the plasma as the field increases dominates the decrease in characteristic radius. At large values of magnetic field and large axial velocities, the improvement is less pronounced.
The line of rapidly decreasing enrichment ratio at an axial speed of about 7.4 km/s visible in Fig. 7 marks a locus where the denominator of the perturbation in the characteristic radius R ͓Eq. ͑28͔͒ goes to zero. This occurs when the axial velocity is around the ion thermal speed, and is likely to correspond to shock wave formation in the supersonic plasma flow. Clearly the present first-order perturbation treatment will not apply in this region. Nevertheless, the predicted outcome of a substantial improvement in enrichment factor at low to moderate magnetic fields visible in Fig. 7 is a valid one.
VI. CONCLUDING DISCUSSION
A nonuniform axial magnetic field in a vacuum arc centrifuge, created by the addition or removal of magnetic field coils will affect plasma. The aim of this research was to investigate whether perturbation of the axial magnetic field in the rotation region could improve separative performance.
By introducing an axial magnetic field perturbation to the plasma fluid model developed by Krishnan et al., 1 and then solving the perturbation equations to first order, an understanding of the system behavior and separative performance has evolved. The main findings can be summarized as follows:
For small changes in magnetic field, the plasma maintains rigid body rotation and the radial density profile remains Gaussian. There is an increase in angular velocity and a radial contraction of the column in an increasing field which can, overall, lead to an improved separative performance.
The present work represents an initial approach to studying the behavior of vacuum arc centrifuge plasma columns in varying magnetic field. The results of the study are encouraging and indicate that further research, both experimental and theoretical, is desirable.
